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Janusz Czelakowski
Abstract. Certain forms of irreducibility as well as of equational deﬁnability of
relative congruences in quasivarieties are investigated. For any integer m  3 and
a quasivariety Q, the notion of an m-triangularily meet-irreducible Q-congruence in
the algebras of Q is deﬁned. In Section 2, some characterizations of ﬁnitely generated
quasivarieties involving this notion are provided. Section 3 deals with quasivarieties
with equationally deﬁnable m-triangular meets of relatively principal congruences.
References to ﬁnitely based quasivarieties and varieties are discussed.
1. Preliminary remarks. Basic properties of quasivarieties
Quasi-identities. Let τ be a ﬁxed algebraic signature (a type) and let Lτ be
the corresponding ﬁrst-order language with equality ≈. Var = {vn : n ∈ ω}
is the set of individual variables of Lτ . Teτ is the algebra of terms of Lτ and
Eq(τ) is the set of equations of Lτ .
A quasi-equation is a formula of the form
α1 ≈ β1 ∧ · · · ∧ αn ≈ βn → α ≈ β. (1.1)
n = 0 is possible, so every equation qualiﬁes as a quasi-equation.
A universally quantiﬁed quasi-equation is called a quasi-identity. As is cus-
tomary, the universal quantiﬁers in quasi-identities are usually not explicitly
written.
Any class of algebras deﬁned by a set of quasi-identities is called a quasi-
variety. If Q is a quasivariety, then any set Γ of quasi-identities deﬁning Q is
called a base for Q; we then write Q = Mod(Γ ).
IfK is a class of algebras, thenQv(K) is the smallest quasivariety containing
K; the class K is then said to generate the quasivariety Qv(K). (Va(K) is
the variety generated by K.) By a result of A. Mal’cev, Qv(K) = SPPu(K)
for any class K. S, P, and Pu, respectively, denote the operations of forming
subalgebras, direct products, and ultraproducts. (The class operations S, P,
and Pu are interpreted in the inclusive sense, so for example Pu(K) is the class
of all algebras isomorphic to an ultraproduct of a system of algebras from K.)
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A quasivariety Q is ﬁnitely generated if Q = Qv(K) for a ﬁnite set K of
ﬁnite algebras. In this case, Qv(K) = SP(K).
Relative congruences. Let R be a binary relation deﬁned on an algebra A.
R is closed under the quasi-equation (1.1) if for any a ∈ Ak, R contains the pair
〈αA(a), βA(a)〉 whenever it contains the pairs 〈αAi (a), βAi (a)〉 for i = 1, . . . , n.
(Here k is the length of a sequence x = x1, . . . , xk, which includes every variable
occurring in at least one of the terms of (1.1). Thus, R is a congruence relation
on A if and only if it is closed under Birkhoﬀ’s quasi-equations:
x ≈ x,
x ≈ y → y ≈ x,
x ≈ y ∧ y ≈ z → x ≈ z,
and, for each operation symbol f of arity m,
x1 ≈ y1 ∧ · · · ∧ xm ≈ ym → f(x1, . . . , xm) ≈ f(y1, . . . , ym).
The set of Birkhoﬀ’s quasi-equations is denoted by Birkhoﬀ (τ).
If Φ is a congruence of A, then Φ is closed under the quasi-equation (1.1)
if and only if the quotient algebra A/Φ satisﬁes the quasi-identity
(∀x)(α1 ≈ β1 ∧ · · · ∧ αn ≈ βn → α ≈ β).
Notation and terminology is adopted from [15]. Accordingly, let Q be a qua-
sivariety of τ -algebras and A an τ -algebra, not necessarily in Q. A congruence
Φ on A is called a Q-congruence if A/Φ ∈ Q. Denote the set of Q-congruences
of A by ConQ(A) = {Φ ∈ Con(A) : A/Φ ∈ Q}. ConQ(A) contains the uni-
versal congruence 1A := A2, and it contains the identity congruence 0A (i.e.,
the diagonal relation on A) iﬀ A ∈ Q.
The family ConQ(A) is closed under arbitrary intersections and the union
of directed sets; in other words, ConQ(A) is a ﬁnitary closure system on A2.
(This also follows from the fact that Q is closed under subdirect products and
ultraproducts.) ConQ(A) therefore forms the universe of an algebraic lattice
ConQ(A), called the lattice of Q-congruences ([15, 4]).
Let A be an algebra of type τ and X ⊆ A2. ΘAQ(X) denotes the least
Q-congruence of A that contains X. Thus,
ΘAQ(X) =
⋂{Φ ∈ ConQ(A) : X ⊆ Φ}.
Id(Q) denotes the set of all identities valid in Q.
Theorem 1.1. Let Q be a quasivariety of algebras of type τ and Γ a set of
quasi-identities that are not identities, such that Q = Mod(Id(Q)∪Γ ). Then
for any algebra A ∈ Q, any set X ⊆ A2, and any a, b ∈ A,
a ≡ b(ΘAQ(X))
if and only if there exists a ﬁnite sequence
〈a1, b1〉, . . . , 〈an, bn〉 (∗)
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of elements of A2 such that 〈an, bn〉 = 〈a, b〉 and for every i with 1  i  n,
either 〈ai, bi〉 ∈ X or ai = bi or there exist a set J ⊆ {1, . . . , i − 1}, a quasi-
equation r1(x) ≈ s1(x)∧· · ·∧rm(x) ≈ sm(x)→ r(x) ≈ s(x) ∈ Γ ∪Birkhoﬀ (τ),
where x = x1, . . . , xp, and a sequence c = c1, . . . , cp of elements of A such that
{〈rk(c), sk(c)〉 : 1  k  m} = {〈aj , bj〉 : j ∈ J} and 〈r(c), s(c)〉 = 〈ai, bi〉.
Proof. See e.g., [5] or [9]. See also [1, Lemma Q.2.1]. 
The sequence (∗) is called a Q-generating sequence of the pair 〈a, b〉 from
the set X.
Equational logics. Given a class K of τ -algebras, we let Keq denote the
consequence operation on the set of τ -equations determined by K. Thus, for
{αi ≈ βi : i ∈ I} ∪ {α ≈ β} ⊆ Eq(τ), we have
α ≈ β ∈ Keq({αi ≈ βi : i ∈ I})
if and only if for every algebra A ∈ K and every h ∈ Hom(Teτ ,A),
h(α) = h(β) whenever h(αi) = h(βi) for all i ∈ I.
The consequence Keq is structural in the sense that whenever α ≈ β ∈
Keq({αi ≈ βi : i ∈ I}), we have eα ≈ eβ ∈ Keq({eαi ≈ eβi : i ∈ I}) for all
endomorphisms e of the term algebra Teτ . Furthermore, if K is closed under
the formation of ultraproducts, the consequence Keq is ﬁnitary. α ≈ β ∈
Keq(∅) means that the equation α ≈ β is valid in the class K.
There is an obvious translation of Keq into the language of quasi-identities
over Teτ : α ≈ β ∈ Keq({α1 ≈ β1, . . . , αn ≈ βn}) if and only if the implication
α1 ≈ β1 ∧ · · · ∧ αn ≈ βn → α ≈ β is valid in K.
Proposition 1.2. Let Q be a quasivariety. Suppose that
α ≈ β ∈ Qeq({αi ≈ βi : i ∈ I})
for some set of equations {αi ≈ βi : i ∈ I} and an equation α ≈ β. Let A ∈ Q
and let h : Teτ → A be a homomorphism. Then
〈h(α), h(β)〉 ∈ ΘAQ({〈h(αi), h(βi)〉 : i ∈ I}).
Proof. Put Φ := ΘAQ({〈h(αi), h(βi)〉 : i ∈ I}). Let g be the composition of
h and of the canonical homomorphism from A to the Q-algebra A/Φ. As
g satisﬁes the equations αi ≈ βi, i ∈ I, it follows that g(α) = g(β). So
〈h(α), h(β)〉 ∈ ΘAQ({〈h(αi), h(βi)〉 : i ∈ I}). 
Free algebras. Let K be a class of τ -algebras. FK(ω) denotes the free alge-
bra in K freely generated by a countably inﬁnite set of generators.
Proposition 1.3. FK(ω) is isomorphic with the quotient algebra Teτ/Ω0,
where Ω0 is the congruence deﬁned as follows: for any terms α, β,
α ≡ β (mod Ω0) iﬀ α ≈ β ∈ Keq(∅) (iﬀ α ≈ β is valid in K).
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Proof. The congruence Ω0 is invariant, i.e., for any terms α, β, if α ≡ β
(mod Ω0), then eα ≡ eβ (mod Ω0), for any endomorphism of the term algebra
Teτ . 
FK(ω) is also free in the variety Va(K). We therefore have that FK(ω) =
FQv(K)(ω) = FVa(K)(ω).
The equivalence class of a term α with respect to Ω0 is denoted by [α].
We shall identify FK(ω) with Teτ/Ω0. Consequently, {[x] : x is a variable} is
the set of free generators of FK(ω). Since the congruence Ω0 does not paste
together diﬀerent variables (unless K is trivial), the free generators of FK(ω)
are often identiﬁed with individual variables.
More generally, let Ω be the mapping which to each (closed) theory Σ of
the consequence operation Keq assigns the set of pairs
Ω(Σ ) := {〈[α], [β]〉 : α ≈ β ∈ Σ}.
Ω(Σ ) is a congruence relation in the algebra FK(ω). (Note that the con-
gruence Ω0 deﬁned as above is equal to Ω(Keq(∅))). In fact, we have the
following:
Proposition 1.4. Let Q be a quasivariety. The mapping Ω is an isomor-
phism between the lattice of closed theories of Qeq and the congruence lattice
ConQ(FQ(ω)).
The following fact is a straightforward corollary to Proposition 1.4.
Proposition 1.5. Let Q be a quasivariety. For any set Γ of equations and
any equation α ≈ β,
α ≈ β ∈ Qeq(Γ ) iﬀ 〈[α], [β]〉 ∈ ΘFQ({〈[s], [t]〉 : s ≈ t ∈ Γ}),
where F := FQ(ω).
More on congruences. Let A and B be sets and h : A → B a mapping. If
Y is a subset of B2, then h−1(Y ) := {〈a, b〉 ∈ A2 : 〈ha, hb〉 ∈ Y }. Similarly, if
X is a subset of A2, then h(X) := {〈ha, hb〉 ∈ B2 : 〈a, b〉 ∈ X}.
Proposition 1.6 (The Correspondence Property). Let h : A → B be a ho-
momorphism between arbitrary algebras A and B. If Φ ∈ Con(A) and
ker(h) ⊆ Φ, then h−1h(Φ) = Φ.
Proof. (⊇): Suppose 〈a, b〉 ∈ Φ. Then 〈ha, hb〉 ∈ h(Φ). It follows that 〈a, b〉 ∈
h−1h(Φ).
(⊆): Assume 〈a, b〉 ∈ h−1h(Φ). Then 〈ha, hb〉 ∈ h(Φ). It follows that there
are x, y ∈ A such that 〈ha, hb〉 = 〈hx, hy〉 and 〈x, y〉 ∈ Φ. As ha = hx and
hb = hy, we have 〈a, x〉, 〈b, y〉 ∈ ker(h) ⊆ Φ. Hence, 〈x, y〉, 〈a, x〉, 〈b, y〉 ∈ Φ.
This gives that 〈a, b〉 ∈ Φ. 
Corollary 1.7. Let Q be a quasivariety of algebras of type τ , let h : A → B
be a homomorphism between arbitrary τ -algebras, and let Φ ∈ Con(A) be a
congruence such that ker(h) ⊆ Φ.
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(1) If h is surjective and Φ ∈ ConQ(A), then h(Φ) ∈ ConQ(B).
(2) If h(Φ) ∈ ConQ(B), then Φ ∈ ConQ(A).
(3) If h is surjective, then Φ ∈ ConQ(A) if and only if h(Φ) ∈ ConQ(B).
Proof. As ker(h) ⊆ Φ, we have that h−1h(Φ) = Φ by the Correspondence
Property. It follows that the algebra A/Φ is embeddable into B/h(Φ). (The
embedding is established by the mapping ϕ which to each equivalence class
a/Φ ∈ A/Φ assigns the equivalence class ha/h(Φ), for each a ∈ A.)
(2): If h(Φ) ∈ ConQ(B), then B/h(Φ) ∈ Q. It follows that A/Φ ∈ Q, as
A/Φ is isomorphic with a subalgebra of the Q-algebra B/h(Φ), proving (2).
(1): If h is surjective, then the above mapping is an isomorphism between
A/Φ and B/h(Φ). If Φ ∈ ConQ(A), then A/Φ belongs to Q, and hence
B/h(Φ) belongs to Q as well. Hence, h(Φ) ∈ ConQ(B), proving (1).
(3): This follows from (1) and (2). 
Proposition 1.8. Let Q be a quasivariety of algebras of type τ . Let h : A→ B
be a homomorphism between arbitrary τ -algebras. Then for every set X ⊆ A2,
we have h(ΘAQ(X)) ⊆ ΘBQ(h(X)).
Proof. As A/h−1(ΘBQ(h(X))) is isomorphic with a subalgebra of the alge-
bra B/(ΘBQ(h(X))) ∈ Q, it follows that A/h−1(ΘBQ(h(X))) ∈ Q. Hence,
h−1(ΘBQ(h(X))) is a Q-congruence on A. Since X ⊆ h−1(ΘBQ(h(X))), we get
that ΘAQ(X) ⊆ h−1(ΘBQ(h(X))). Consequently, h(ΘAQ(X) ⊆ ΘBQ(h(X)).
(An alternative proof of the above inclusion is based on Theorem 1.1. For
let 〈a, b〉 ∈ ΘAQ(X) and let 〈a1, b1〉, . . . , 〈an, bn〉 be a Q-generating sequence of
〈a, b〉 from X in A. Then 〈ha1, hb1〉, . . . , 〈han, hbn〉 is a Q-generating sequence
of 〈ha, hb〉 from h(X) in B. Hence, 〈a, b〉 ∈ ΘBQ(h(X)).) 
Proposition 1.9. Let Q be a quasivariety, A and B algebras, where B ∈ Q,
and let h : A→ B be a surjective homomorphism. Then for any set X ⊆ A2,
h(ΘAQ(X) +Q ker(h)) = Θ
B
Q(h(X)).
Proof. As A/ker(h) is isomorphic with B ∈ Q, it follows that ker(h) is a Q-
congruence on A. Therefore, ΘAQ(X)+Qker(h) is a well-deﬁned Q-congruence.
Let Φ := ΘAQ(X) +Q ker(h). As ker(h) ⊆ Φ ∈ ConQ(A), Corollary 1.7.(1)
implies that h(Φ) is a Q-congruence on B. Since X ⊆ Φ, we get that
h(ΘAQ(X) +Q ker(h)) = h(Φ) ⊇ ΘBQ(h(X)).
On the other hand, as h(ΘAQ(X) ⊆ ΘBQ(h(X)) and h(ker(h)) = 0B, we get
that h(ΘAQ(X) +Q ker(h)) = h(Θ
A
Q(X ∪ ker(h)) ⊆ ΘBQ(h(X)) ∪ h(ker(h))) =
ΘBQ(h(X)), by Proposition 1.8. 
Corollary 1.10. Let Q be a quasivariety, A, B be algebras, where B ∈ Q,
and let h : A→ B be a surjective homomorphism. Then for any set X ⊆ A2,
h−1(ΘBQ(hX)) = ker(h) +Q Θ
A
Q(X).
In particular, for all a, b ∈ A,
h−1(ΘBQ(ha, hb)) = ker(h) +Q Θ
A
Q(a, b).
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Proof. Suppose X ⊆ A2. Then ΘBQ(hX) = h(ker(h)+Q ΘAQ(X)) by the above
proposition. It follows from the Correspondence Property that
h−1(ΘBQ(hX)) = h




Let Q be a quasivariety, A ∈ Q, and let a1, . . . , am be a ﬁnite sequence of
elements of A (possibly with repetitions) of length m  3. In what follows, we
shall make use of the following triangular table of Q-congruences on A:
ΘQ(a1, a2), ΘQ(a1, a3), ΘQ(a1, a4), . . . ΘQ(a1, am),
ΘQ(a2, a3), ΘQ(a2, a4), . . . ΘQ(a2, am),
...
ΘQ(ai, ai+1), . . . ΘQ(ai, am)
...
ΘQ(am−1, am)
This table contains m(m − 1)/2 elements. It is called the triangular table





Q(ai, aj), being the intersection of the above
congruences, will be also called the triangular intersection.
Deﬁnition 2.1. Let m  3 be a natural number. Let Q be a quasivariety,
A ∈ Q, and Φ ∈ ConQ(A). The congruence Φ is said to be m-triangularily
irreducible in the lattice ConQ(A) if, for every sequence a1, . . . , am of elements





Φ, then ai ≡ aj(Φ) for some i and j with 1  i < j  m.
In particular, the congruence 0A is m-triangularily irreducible in the lattice
ConQ(A) iﬀ for every sequence a1, . . . , am of elements of A of length m, if⋂
1i<jm Θ
A
Q(ai, aj) = 0A, then ai = aj for some i and j with 1  i < j  m.
Lemma 2.2. Let Q be a quasivariety, A ∈ Q and Φ ∈ ConQ(A). Φ is
m-triangularily irreducible in the lattice ConQ(A) iﬀ the congruence 0A/Φ is
m-triangularily irreducible in the lattice ConQ(A/Φ).
Proof. Let h : A → A/Φ be the canonical homomorphism. Then Φ = ker(h)
and by Corollary 1.10, for all a, b ∈ A we have
h−1(ΘA/ΦQ (a/Φ, b/Φ)) = Φ +Q Θ
A
Q(a, b). (2.1)
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Equation (2.1) and the surjectivity of h imply that for any a1, . . . , am ∈ A,
the following conditions are equivalent:
⋂
1i<jm
(ΘAQ(ai, aj) +Q Φ) = Φ,
⋂
1i<jm










ΘA/ΦQ (ai/Φ, aj/Φ) = 0A/Φ.
From these conditions we get the following statement:
Φ is m-triangularily irreducible in the lattice ConQ(A)
⇐⇒ (∀a1, . . . , am ∈ A)
( ⋂
1i<jm
(ΘAQ(ai, aj) +Q Φ) = Φ
=⇒ ai ≡ aj(Φ) for some i and j
)
⇐⇒ (∀a1, . . . , am ∈ A)
( ⋂
1i<jm
ΘA/ΦQ (ai/Φ, aj/Φ) = 0A/Φ
=⇒ ai ≡ aj(Φ) for some i and j
)
⇐⇒ (∀a1, . . . , am ∈ A)
( ⋂
1i<jm
ΘA/ΦQ (ai/Φ, aj/Φ) = 0A/Φ
=⇒ ai/Φ = aj/Φ for some i and j
)
⇐⇒ 0A/Φ is m-triangularily irreducible in the lattice ConQ(A/Φ). 
QRFSI is the class of non-trivial relatively ﬁnitely subdirectly irreducible
algebras of Q. An algebra A ∈ Q is m-triangularily irreducible in Q if 0A is
m-triangularily irreducible in the lattice ConQ(A). Qm-TRI is the class of all
algebras m-triangularily irreducible in Q.
It is clear that every algebra in Q of cardinality less than m belongs to
Qm-TRI.
Lemma 2.3. Let Q be a quasivariety. Then QRFSI ⊆ Qm-TRI for all m  3.
Proof. This is immediate. 
The following theorem provides a useful characterization of the classQm-TRI
for all m > 3.
Theorem 2.4 (K. Kearnes). Suppose m > 3 and let A be an algebra in Q.
Then A ∈ Qm-TRI iﬀ |A| < m or A ∈ QRFSI.
The theorem states that for any m > 3, the class Qm-TRI is the union of the
class of Q-algebras of size less than m and of the class of all relatively ﬁnitely
meet irreducible algebras of Q. The theorem is false for m = 3. (The impli-
cation (⇐) holds for m = 3 but the reverse implication does not.) A suitable
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example was produced by Keith Kearnes. Let A be the reduct of the Abelian
group Z4 to the operation f(x, y) := 2x− y. Let V be the variety HSP(A).
A has 4 elements, A belongs to V3 -TRI but A is not (ﬁnitely) subdirectly
irreducible (in V).
Proof. Fix m > 3.
(⇐): If A ∈ QRFSI, then A ∈ Qm-TRI by Lemma 2.3. If the size of A is
less than m, then trivially A ∈ Qm-TRI.
(⇒): Assume A ∈ Qm-TRI. It suﬃces to show that if |A|  m, then
A ∈ QRFSI. Suppose A ∈ QRFSI. There exist a, b, c, d ∈ A such that
ΘAQ(a, b) ∩ ΘAQ(c, d) = 0A and a = b, c = d. The set {a, b, c, d} has at least
3 elements. As |A|  m > 3, we can enlarge {a, b, c, d} to a subset X =




Q(ai, aj) = 0A and no
two elements of X are equal. This contradicts the fact that A ∈ Qm-TRI. 
It follows from Lemma 2.3 that for each m  3, any quasivariety Q has
enough m-triangularily irreducible algebras in the sense that every algebra of
Q is isomorphic with a subdirect product of a family of algebras from the class
Qm-TRI.
The following theorem characterizes ﬁnitely generated quasivarieties via
triangular intersections.
Theorem 2.5. Let Q be an arbitrary quasivariety and m  3 a positive
integer. The following conditions are equivalent:
(1) Q is generated by a ﬁnite class of algebras each of which has at most m−1
elements.
(2) For every algebra A ∈ Q and for any sequence a1, . . . , am of elements of
A of length m (possibly with repetitions), it is the case that
⋂
1i<jm
ΘAQ(ai, aj) = 0A.
(3) For every algebra A ∈ Q, for any congruence Φ ∈ ConQ(A), and any
sequence a1, . . . , am of elements of A of length m (possibly with repetitions)
it is the case that
⋂
1i<jm
(Φ +Q ΘAQ(ai, aj)) = Φ.
(4) For any sequence x1, . . . , xm of m diﬀerent free generators of the free al-
gebra F := FQ(ω) and any congruence Φ ∈ ConQ(F ),⋂
1i<jm
(Φ +Q ΘFQ(xi, xj)) = Φ.
Note. Condition (4) is equivalent to
(5) For any sequence x1, x2, . . . , xm of m diﬀerent individual variables and
any set of equations X,
⋂
1i<jm
Qeq(X ∪ {xi ≈ xj}) = Qeq(X).
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Equivalently, (5) holds for any ﬁnite set of equations X. But in view of the
above theorem, (5) is equivalent to
(6) For any sequence α1, α2, . . . , αm of terms and any set of equations X,
⋂
1i<jm
Qeq(X ∪ {αi ≈ αj}) = Qeq(X).
Indeed, (6) trivially implies (5). Conversely, assume (5). As (5) is equivalent
to (4), the theorem implies that (3) holds. In particular, we get that (3) holds
for the free algebra FQ(ω). But the last condition is equivalent to (6). So (6)
holds.
Proof. (1) ⇒ (4): Assuming (1), we prove (5). There is a ﬁnite class of
algebras K such that each algebra in K is of cardinality < m and Q = SP(K).




eq(X ∪ {xi ≈ xj}) ⊆ X.
Let m be as above and suppose that α ≈ β ∈ X. There exists an algebra
A ∈ K and a homomorphism v : Teτ → A such that v satisﬁes X and v(α) =
v(β). As |A| < m, we have that v(xi) = v(xj) for some 1  i < j  m. It
follows that α ≈ β ∈ Qeq(X ∪ {xi ≈ xj}) by the deﬁnition of Qeq, and
consequently, α ≈ β ∈ ⋂1i<jm Qeq(X ∪ {xi ≈ xj}). So (5) holds.
(4)⇒ (2): The proof of this implication is based on two claims. Assume (4).
Claim 1. For every countable algebra A ∈ Q and for any sequence a1, . . . , am
of elements of A of length m (possibly with repetitions),
⋂
1i<jm
ΘAQ(ai, aj) = 0A.
Proof of the Claim. Assume A ∈ Q is countable and let a1, . . . , am be a se-
quence of elements of A.
Let h : F → A be a surjective homomorphism such that h(xi) = ai for
i = 1, 2, . . . ,m. Let Φ be the kernel of h. Φ is a Q-congruence of F because
the quotient algebra F /Φ is isomorphic with A.
Corollary 1.10 and the surjectivity of h imply the following statement:
⋂
1i<jm
(Φ +Q ΘFQ(xi, xj)) = Φ
⇐⇒ ⋂
1i<jm
h−1(ΘF /ΦQ (xi/Φ, xj/Φ)) = Φ
⇐⇒ ⋂
1i<jm












ΘAQ(ai, aj) = 0A.
As the ﬁrst equality holds by (4), the last one holds also, proving the claim. 
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Claim 1 continues to hold for arbitrary algebras of Q.
Claim 2. For every algebra A ∈ Q and for any sequence a1, . . . , am of ele-
ments of A of length m (possibly with repetitions),
⋂
1i<jm
ΘAQ(ai, aj) = 0A.
Proof of the Claim. Let A ∈ Q and let a1, . . . , am be a sequence of elements
of A. Suppose 〈a, b〉 ∈ ⋂1i<jm ΘAQ(ai, aj). By Theorem 1.1, for each pair
〈i, j〉 with i < j there exists a ﬁnite generating sequence
〈cij,k, dij,k〉, k = 1, . . . , nij , (∗)ij
of the pair 〈a, b〉 from the pair 〈ai, aj〉 in the algebra A.
Let B be the subalgebra of A generated by the elements of A that are in-
volved in the deﬁnition of the sequence (∗)ij , for all pairs i < j. (In particular,
B contains the elements that occur in the pairs (∗)ij . But B also contains el-
ements of A that are employed by the quasi-identities applied in the deﬁnition
of (∗)ij .) B is countable. It follows from the deﬁnition of B that (∗)ij is also
a generating sequence of 〈a, b〉 from the pair 〈ai, aj〉 in the algebra B, for all
pairs i < j. Hence, 〈a, b〉 ∈ ⋂1i<jm ΘBQ(ai, aj). By Claim 1, a = b. 
This proves (2).
(2)⇒ (3): Suppose A ∈ Q, Φ ∈ ConQ(A), a1, . . . , am ∈ A. Let B := A/Φ.
Let h : A → B be the canonical homomorphism. Hence, ker(h) = Φ and
B ∈ Q. Then by Corollary 1.10,
⋂
1i<jm













Q(ai, aj)) = Φ.
(3) ⇒ (2): This is obvious.
(2) ⇒ (1): Assume (2). To prove (1), it suﬃces to show the following:
Claim 3. Every algebra in Qm-TRI is of cardinality < m.
Proof of the claim. Let A ∈ Qm-TRI and suppose a contrario that there are m





0A. As A ∈ Qm-TRI, it follows that ai = aj for some i and j with 1  i <
j  m. So A has fewer than m elements, a contradiction. 
This concludes the proof of the theorem. 
Corollary 2.6. Suppose that Q is a quasivariety generated by a ﬁnite class of
algebras each of which has at most m − 1 elements, where m  3. For every
algebra A ∈ Q, the following conditions are equivalent:
(1) A ∈ Qm-TRI,
(2) A has at most m− 1 elements.
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Proof. This is immediate. (Note that (2) ⇒ (1) does not require Q to be
ﬁnitely generated.) 
Corollary 2.7. Suppose that Q is a quasivariety generated by a ﬁnite class
K of algebras each of which has at most m− 1 elements, where m  3. If the
signature of Q is ﬁnite, then Qm-TRI is a ﬁnitely axiomatizable class.
Proof. In view of Corollary 2.6, Qm-TRI is the class of all at most (m − 1)-
element algebras of Q. As the language of Q has ﬁnitely operation symbols,
Qm-TRI consists of ﬁnitely many ﬁnite algebras (up to isomorphism). It follows
that Qm-TRI is axiomatized by any set of quasi-identities which axiomatizes
Q together with a single universal sentence
(∀x1)(∀x2) · · · (∀xm)
∨{xi ≈ xj : 1  i < j  m}.
Evidently, Qm-TRI and its complement are algebraic classes, i.e., they are
closed under isomorphisms. A simple ultraproduct argument shows that both
Qm-TRI and the complement of Qm-TRI are closed under the formation of
ultraproducts. It follows by Shelah-Keisler Theorem from the theory of models
that Qm-TRI is a ﬁnitely axiomatizable class. 
3. Quasivarieties with equationally deﬁnable m-triangular meets of
(relatively) principal congruences
Deﬁnition 3.1. Let m  3 be a natural number and Λ = Λ(x1, x2, . . . , xm, u)
a set of equations in variables x1, x2, . . . , xm (and possibly some parameters
u). A quasivariety Q is said to have equationally deﬁnable m-triangular meets
of (relatively) principal congruences (m-EDTPM, for short) with respect to Λ
if for all A ∈ Q and for any sequence a1, . . . , am of elements A of length m,
⋂
1i<jm
ΘAQ(ai, aj) = Θ
A
Q((∀e)ΛA(a1, a2, . . . , am, e)),
where ΘAQ((∀e)ΛA(a1, a2, . . . , am, e)) is the Q-congruence on A generated by
the set of pairs 〈pA(a1, a2, . . . , am, e), qA(a1, a2, . . . , am, e)〉 with e ranging over
sequences of elements of A of the length of u and p ≈ q ∈ Λ.
Q is said to have m-EDTPM if it has m-EDTPM with respect to some set
of equations Λ(x1, x2, . . . , xm, u).
The following result is modelled after Lemma 2.1 in [15]:
Proposition 3.2. Let m  3 be a natural number and Λ = Λ(x1, x2, . . . , xm, u)
a set of equations in variables x1, x2, . . . , xm (and possibly some parameters u).
Let Q be a quasivariety. The following conditions are equivalent:
(1) Q has m-EDTPM with respect to Λ;
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(2) For all A ∈ Q and for any sequence a1, . . . , am of elements A of length m,
⋂
1i<jm
ΘAQ(ai, aj) = 0A
⇔ A  (∀u)∧Λ(x1, x2, . . . , xm, u)[a1, a2, . . . , am];
(3) Qm-TRI satisﬁes the ﬁrst-order sentence
(∀x1)(∀x2) . . . (∀xm)((∀u)
∧
Λ(x1, x2, . . . , xm, u)
↔ ∨{xi ≈ xj : 1  i < j  m});
(4) For every i, j with 1  i < j  m, Q satisﬁes the equations Λ(xj/xi) and
for any algebra A ∈ Q and any sequence a1, . . . , am of elements of A,⋂
1i<jm
ΘAQ(ai, aj) ⊆ ΘAQ((∀e)ΛA(a1, a2, . . . , am, e)).
Here, Λ(xj/xi) results from Λ(x1, x2, . . . , xm, u) by the uniform substitution
of the variable xi for the variable xj . In (3), the symbol “↔” is the equivalence
connective from the ﬁrst-order language associated with the signature of Q.
Proof. (1) ⇒ (2) ⇒ (3): This is immediate.
(3) ⇒ (4): (3) implies that for each i, j with 1  i < j  m, Qm-TRI
satisﬁes the equations Λ(xj/xi) and hence so does Q.




ΘAQ(ai, aj) ⊆ ΘAQ((∀e)ΛA(a1, a2, . . . , am, e)),
it suﬃces to show that that for every m-triangularily irreducible congruence
Φ in the lattice ConQ(A),




Suppose the ﬁrst inclusion holds. Then
α(b1, c1, b2, c2, . . . , br, cr, e)/Φ = β(b1, c1, b2, c2, . . . , br, cr, e)/Φ
for all α ≈ β ∈ Λ and all sequences e ∈ Ak. Thus,
A/Φ  (∀u)∧Λ(x1, x2, . . . , xm, u)[a1, a2, . . . , am].
Since A/Φ ∈ Qm-TRI, it follows from (3) that we have ai/Φ = aj/Φ for
some 1  i < j  m. So ΘAQ(ai, aj) ⊆ Φ for some i < j. Consequently,
Φ ⊇ ⋂1i<jm ΘAQ(ai, aj). Thus, (∗) holds.
(4) ⇒ (1): Let A ∈ Q and let a1, . . . , am be a sequence of elements
of A. Fix i, j with 1  i < j  m and let Φ0 := ΘAQ(ai, aj). The quo-
tient algebra A/Φ0 belongs to Q. By the ﬁrst conjunct of (4), we get that
α(a1, a2, . . . , am, e)/Φ0 = β(a1, a2, . . . , am, e)/Φ0 for all α ≈ β ∈ Λ and all
sequences e ∈ Ak. It follows that ΘAQ((∀e)ΛA(a1, a2, . . . , am, e)) ⊆ ΘAQ(ai, aj).
This proves the “⊇”-inclusion of the two inclusions of (1).
As the other inclusion is assumed by (4), condition (1) follows. 
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Theorem 3.3. Let m  3 be a natural number. For any quasivariety Q, the
following conditions are equivalent:
(1) Q has m-EDTPM.
(2) For every algebra A ∈ Q, for any sequence a1, . . . , am of elements of A of







(Φ +Q ΘAQ(ai, aj)).
(3) For any sequence x1, . . . , xm of m diﬀerent free generators of the free al-







(Φ +Q ΘFQ(xi, xj)).
Note. Condition (3) of the above theorem is equivalently expressed in terms
of the consequence Qeq as
(4) Qeq(X ∪⋂1i<jn Qeq(xi ≈ xj)) =
⋂
1i<jn Q
eq(X ∪{xi ≈ xj}), for
any set of equations X.
(Here, x1, x2, . . . , xm is an arbitrary but ﬁxed sequence of m diﬀerent individ-
ual variables.)
But it is easy to see that (4) is equivalent to
(5) Qeq(X ∪ ⋂1i<jn Qeq(αi ≈ αj)) =
⋂
1i<jn Q
eq(X ∪ {αi ≈ αj}),
for any set of equations X and any sequence of terms α1, α2, . . . , αm.
Proof. (1)⇒ (2): Assume Q has m-EDTPM with respect to a set of equations
Λ = Λ(x1, x2, . . . , xm, u). Let A be an algebra in Q, Φ ∈ ConQ(A), and
a1, . . . , am a sequence of elements of A of length m. Let B := A/Φ. As





Q(ai/Φ, aj/Φ) = Θ
B
Q((∀e)ΛB(a1/Φ, a2/Φ, . . . , am/Φ, e/Φ)).
Let h : A→ B be the canonical homomorphism. Then
(b) h−1(ΘBQ(a/Φ, b/Φ)) = Φ +Q Θ
A
Q(a, b) for all a, b ∈ A.











(Φ +Q ΘAQ(ai, aj)).
On the other hand, we also get
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(d) h−1(ΘBQ((∀e)ΛB(a1/Φ, a2/Φ, . . . , am/Φ, e/Φ)))
= h−1(sup{ΘBQ(ΛB(a1/Φ, a2/Φ, . . . , am/Φ, e/Φ)) : e ∈ Ak})
= sup{h−1(ΘBQ(ΛB(a1/Φ, a2/Φ, . . . , am/Φ, e/Φ))) : e ∈ Ak}
= sup{Φ +Q ΘAQ(ΛA(a1, a2, . . . , am, e)) : e ∈ Ak}
= Φ +Q sup{ΘAQ(ΛA(a1, a2, . . . , ar, e)) : e ∈ Ak}





But in view of (a), the ﬁrst congruences of (c) and (d) are identical. Conse-
quently, the last congruences of (c) and (d) are the same. Thus,
⋂
1i<jm





(2) ⇒ (3): This is immediate.
(3) ⇒ (1): Let x1, x2, . . . , xm be a ﬁnite sequence of pairwise diﬀerent in-
dividual variables. Let Λ(x1, x2, . . . , xm, u) be a set of equations such that
⋂
1i<jm
Qeq(xi ≈ xj) = Qeq(Λ(x1, x2, . . . , xm, u)).
Passing to the algebra F , we therefore have that
⋂
1i<jm
ΘFQ(xi, xj) = Θ
A
Q(Λ
F (x1, x2, . . . , xm, u)).
Let A be a countably generated algebra in Q, let a1, a2, . . . , am be a ﬁxed
sequence of elements of A. Moreover, let e ∈ Ak be an arbitrary sequence of
length k. Let h : F → A be a surjective homomorphism such that h(x1) = a1,
. . . , h(xm) = am and h(u) = e. (h is arbitrarily deﬁned for the remaining free


















= ΘFQ(Λ(x1, x2, . . . , xm, u)) +Q Φ = h
−1(ΘAQ(Λ(a1, a2, . . . , am, e))).
Item (e) gives that
⋂
1i<jm
ΘAQ(ai, aj) = Θ
A
Q(Λ(a1, a2, . . . , am, e)), for any sequence e ∈ Ak.
It follows that





Q(ai, aj) = 0A iﬀ Θ
A
Q(Λ(a1, a2, . . . , am, e)) = 0A, for all
sequences e ∈ Ak.
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We then observe that (f) continues to hold for algebras A ∈ Q of arbitrary
cardinality.
(g) For any algebra A ∈ Q and any a1, a2, . . . , am ∈ A,
⋂
1i<jm
ΘAQ(ai, aj) = 0A iﬀ Θ
A
Q(Λ(a1, a2, . . . , am, e)) = 0A for all e ∈ Ak.




Q(ai, aj) = 0A.





Q(ai, aj) = 0B for some countable subalgebra B
of A that contains a1, a2, . . . , am and e. Therefore, by (f), we have that
ΘBQ(Λ(a1, a2, . . . , am, e)) = 0B. It follows that Θ
A
Q(Λ(a1, a2, . . . , am, e)) = 0A
because B is a subalgebra of A.
Conversely, suppose that ΘAQ(Λ(a1, a2, . . . , am, e)) = 0A, for all e ∈ Ak. Let
B be an arbitrary countable subalgebra of A which contains a1, a2, . . . , am.
Then ΘBQ(Λ(a1, a2, . . . , am, e)) = 0B for all e ∈ Bk. Thus, (f) gives that
(∗) ⋂1i<jm ΘBQ(ai, aj) = 0B in every countable subalgebra B of A which
contains a1, a2, . . . , am.
We then get that
(∗∗) ⋂1i<jm ΘAQ(ai, aj) = 0A.
Indeed, if 〈c, d〉 ∈ ⋂1i<jm ΘAQ(ai, aj), then Theorem 1.1 implies that there
is a countable subalgebra B of A which includes a1, a2, . . . , am and c, d such
that 〈c, d〉 ∈ ⋂1i<jm ΘBQ(ai, aj). It follows by (∗) that c = d. So (∗∗) holds.
This proves (g).
But (g) is equivalent to condition (2) of Proposition 3.2. It follows that Q
has m-EDTPM. 
The following corollary is immediate (cf. Corollary 2.6):
Corollary 3.4. Let m  3 be a natural number. Let Q be a quasivariety with
m-EDTPM with respect to a set of equations Λ = Λ(x1, x2, . . . , xm, u). Then
for any algebra A ∈ Q, the following conditions are equivalent:
(1) A ∈ Qm-TRI.
(2) For every sequence a1, . . . , am of elements of A, if
ΘAQ(Λ(a1, a2, . . . , am, e)) = 0A for all e ∈ Ak,
then ai = aj for some 1  i < j  m.
Proof. (1) ⇒ (2): Assume (1). Let a1, . . . , am be a sequence of elements of
A such that ΘAQ(Λ(a1, a2, . . . , am, e)) = 0A, for all e ∈ Ak. But m-EDTPM









Q(ai, aj) = 0A.AsA ∈ Qm-TRI, we get that ai = aj , for
some i, j with 1  i < j  m. So (2) holds.
(2) ⇒ (1): The proof of this implication is similar. Assume (2). We must
show that 0A is m-triangularily irreducible. Let a1, . . . , am be a sequence
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Q(ai, aj) = 0A. But by m-EDTPM,⋂
1i<jm Θ
A
Q(ai, aj) = Θ
A
Q((∀e)Λ(a1, a2, . . . , am, e)). Hence,
ΘAQ((∀e)Λ(a1, a2, . . . , am, e)) = 0A.
The condition (2) implies that ai = aj , for some i, j with 1  i < j  m.
Thus, (1) holds. 
The following corollary is a consequence of Theorems 2.5 and 3.3.
Corollary 3.5. Let m  3 be a natural number. Let Q be a quasivariety
generated by a ﬁnite family of algebras with all algebras of cardinality less than
m. Then Q has m-EDTPM. In fact, Q has n-EDTPM for all n  m.
In other words, the ﬁrst part of above corollary states that
Every ﬁnitely generated quasivariety has m-EDTPM for some m  3.
In view of the above observations, the property of having m-EDTPM for
some m is essentially weaker than the property of being a ﬁnitely generated
quasivariety. For example, it follows from Theorem 3.3(2) that every RCD
quasivariety Q has m-EDTPM for all m  3, although Q need not be ﬁnitely
generated.
Proof. Assume Q is generated by a ﬁnite set of ﬁnite algebras, each of cardinal-
ity less than m. Suppose A ∈ Q, Φ ∈ ConQ(A), and a1, . . . , am is a sequence













ΘAQ(ai, aj) = Φ =
⋂
1i<jm
(Φ +Q ΘAQ(ai, aj)).
So Q has m-EDTPM by Theorem 3.3. 
The following observations supplement Theorem 2.5:
Theorem 3.6. Let Q be a quasivariety and m  3 a ﬁxed natural number.
The following conditions are equivalent:
(1) Q is generated by a ﬁnite class of algebras each of which has at most m−1
elements.




Q(xi, xj) = 0F for any sequence x1,
. . . , xm of m diﬀerent free generators of the free algebra F := FQ(ω).
Proof. (1)⇒ (2): Assume (1). The ﬁrst conjunct of (2) follows from Corollary
3.5 and the second conjunct is a particular case of condition (3) of Theorem 2.5.
(2) ⇒ (1): Assume (2). Let x1, . . . , xm be a sequence of m diﬀerent free
generators of the free algebra F = FQ(ω). The fact that Q has m-EDTPM







(Φ +Q ΘFQ(xi, xj)),
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(Φ +Q ΘFQ(xi, xj)),
for any Q-congruence Φ of F . So (1) holds by Theorem 2.5. 





eq(xi ≈ xj) = Qeq(∅).




eq(αi ≈ αj) = Qeq(∅), for any terms α1, α2, . . . , αm.
Theorem 3.7. Let m  3 be a natural number. Let Q be a quasivariety with
m-EDTPM with respect to a set of equations Λ = Λ(x1, x2, . . . , xm, u). The
following conditions are equivalent:
(1) Q is generated (as a quasivariety) by a ﬁnite class of algebras of size at
most m− 1.
(2) Q satisﬁes the equations Λ(x1, x2, . . . , xm, u).
Proof. (∀u)Λ(x1, x2, . . . , xm, u) is the union of the sets Λ(x1, x2, . . . , xm, δ)
with δ ranging over sequences of terms, each sequence of the length of u.
(1) ⇒ (2): Assume (1). It follows from Theorem 3.6.(2) that
⋂
1i<jm
ΘFQ(xi, xj) = 0F ,
where x1, . . . , xm is an arbitrary but ﬁxed sequence of m diﬀerent free gen-
erators of the free algebra F := FQ(ω). As Q has m-EDTPM with re-
spect to Λ, we therefore get that ΘFQ((∀e)ΛF (x1, x2, . . . , xm, e)) = 0F . This
is equivalent to Qeq((∀u)Λ(x1, x2, . . . , xm, u)) = Qeq(∅). It follows that
Qeq(Λ(x1, x2, . . . , xm, u)) = Qeq(∅). So (2) holds.
(2) ⇒ (1): (2) implies ΘAQ((∀e)Λ(a1, a2, . . . , am, e)) = 0A, for any A ∈ Q










Q(ai, aj) = 0A for any A ∈ Q and any sequence
a1, . . . , am of elements of A. This gives (1), by Theorem 2.5. 
According to Corollary 2.5, every ﬁnitely generated quasivariety Q has the
m-EDTPM property for suﬃciently large m. But, more interestingly, Q has
m-EDTPM with respect to a trivial ﬁnite set of equations:
Theorem 3.8. Let m  3 be a natural number. Suppose that Q is a quasiva-
riety generated by a ﬁnite class of algebras each of which has at most m − 1
elements. Then Q has m-EDTPM with respect to the following ﬁnite set of
equations:
Λm(x1, x2, . . . , xm) := {x1 ≈ x1, x2 ≈ x2, . . . , xm ≈ xm}.
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Proof. Let Q be as above. It is clear that for any A ∈ Q and a1, . . . , am ∈ A,
ΘAQ(Λm(a1, a2, . . . , am)) = 0A. This means that
A 
∧
Λm(x1, x2, . . . , xm)[a1, a2, . . . , am].




Q(ai, aj) = 0A by Theorem 2.5.(2). It follows
that for any A ∈ Q and any a1, . . . , am ∈ A, the equivalence⋂
1i<jm
ΘAQ(ai, aj) = 0A ⇔ A 
∧
Λm(x1, x2, . . . , xm)[a1, a2, . . . , am]
is true because both sides are true.
Thus, any algebra A ∈ Q satisﬁes condition (2) of Proposition 3.2. It
follows that Q has m-EDTPM with respect to Λm(x1, x2, . . . , xm). 
The above theorem and the remarks following Deﬁnition 2.1 show that if
Q is generated as a quasivariety by a ﬁnite class of algebras each of which
has at most m − 1 elements, then Q has m-EDTPM with respect to a set
Λ(x1, x2, . . . , xm, u) of equations iﬀ ΘAQ((∀e)ΛA(a1, a2, . . . , am, e)) = 0A for
all A ∈ Q and all a1, a2, . . . , am ∈ A.
The above proof shows that one cannot expect much from m-EDTPM in
general while studying speciﬁc properties of ﬁnitely generated quasivarieties
Q—the equations of Λm(x1, x2, . . . , xm) from Theorem 3.8 are not conjoined
with the intrinsic structure of the algebras of Q. Consequently, the m-EDTPM
property trivializes for Q. But if one drops the assumption that Q is ﬁnitely
generated, the problem becomes less trivial. For example, in the case of qua-
sivarieties endowed with the additive equationally deﬁned commutator the
situation diﬀers—there are sets of equations determining m-EDTPM whose
properties are strictly linked with the commutator ([2, 3]). The deﬁnition of
the equationally deﬁned commutator makes sense for any quasivariety. The
equationally deﬁned commutator coincides with the “standard” commutator in
relatively congruence modular (RCM) quasivarieties. For a general account of
the commutator for RCM quasivarieties—see [8] or [10]. One may then inves-
tigate non-ﬁnitely generated quaivarieties possessing m-EDTPM with respect
to such a commutator-derived set of equations. This issue is not discussed in
this paper.
Let Q be a quasivariety. A quasivariety Q′ ⊆ Q is called a variety relative
to Q, or a relative subvariety of Q, if Q′ = V ∩ Q for some variety V (see
e.g., [15, p. 503]). If Σ is a base for Q, then every relative subvariety of Q
is of the form Mod(Σ ∪ X) for some set of identities X. If Q′ is a relative
subvariety of Q, then the lattice ConQ′(A) is identical with ConQ(A) for
every A ∈ Q′. Moreover Q′RFSI = Q′ ∩QRFSI.
Proposition 3.9. Let Q′ be a relative subvariety of Q.
(1) If Q has m-EDTPM with respect to a set of equations Λ(x1, x2, . . . , xm, u),
then so has Q′.
(2) If Q is ﬁnitely generated generated by a ﬁnite class of algebras each of
which has at most m− 1 elements, then so is Q′.
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Proof. (1): This is immediate from Deﬁnition 3.1 and the above remarks.
(2): This is immediate from Theorem 2.5.(2). 
Proposition 3.10. Every ﬁnitely generated quasivariety Q has only ﬁnitely
many relative subvarieties and each of them is ﬁnitely based relative to Q.
Proof. Assume Q = SP(K) for some ﬁnite class of ﬁnite algebras. Then
QRFSI ⊆ S(K), (∗)
(see e.g., [4, Lemma 1.5]).
If Q′ ⊆ Q is a relative subvariety of Q, then Q′RFSI = Q′ ∩ QRFSI ⊆
QRFSI ⊆ S(K) by (∗). As the set S(K) is ﬁnite and every quasivariety is
determined by its relatively subdirectly irreducible algebras, it follows that
there are only ﬁnitely many quasivarieties R for which RRFSI ⊆ S(K). In
particular, there are only ﬁnitely many relative subvarieties of Q.
As to the second part, it suﬃces to show, that if Σ is a ﬁxed base for Q, then
every relative subvariety of Q is axiomatized by Σ ∪X for some ﬁnite set of
identities X. Suppose not, i.e., there exists an inﬁnite set of equations X such
that the relative subvariety Mod(Σ ∪X) is not axiomatized by Σ ∪Xf , for all
ﬁnite Xf ⊂ X. A straightforward argument shows that there exists a sequence
of ﬁnite sets of equations X0, X1, . . . , Xn, . . . such that X =
⋃
n∈ω Xn and the
classes Mod(Σ ∪Xn), for n ∈ ω, form a strictly ascending chain. As each of
the classes Mod(Σ ∪Xn) is a relative subvariety of Q, this implies that Q has
inﬁnitely many relative subvarieties, a contradiction. 
4. Finitely based quasivarieties and m-EDTPM
There is an ample literature concerning ﬁnitely based varieties and quasi-
varieties—see e.g., [4, 6, 11, 12, 14, 15, 16, 17]. Every ﬁnitely generated RCD
quasivariety of ﬁnite signature is ﬁnitely based [15]. An analogous problem for
ﬁnitely generated RCM quasivarieties appears to be open.
A quasivariety Q has the Weak Extension Property if for any A ∈ Q and
any a, b, c, d ∈ Q,Θ(a, b) ∩ Θ(c, d) = 0A implies ΘQ(a, b) ∩ ΘQ(c, d) = 0A.
This notion is discussed in [6], where suitable examples are provided. Every
RCM quasivariety has the Weak Extension Property.
Theorem 4.1. Let m  3 be a positive integer. Let Q be a quasivariety
of algebras of ﬁnite type τ generated by a ﬁnite family of algebras, each of
cardinality  m− 1. Let us moreover assume that Q has the Weak Extension
Property. The following conditions are equivalent:
(1) Q is ﬁnitely based.
(2) There exist a ﬁnitely based quasivariety Q′ and a ﬁnite set of equations
Λ(x1, x2, . . . , xm, u) in m variables (possibly with parameters) with Q ⊆ Q′
and both Q and Q′ having m-EDTPM with respect to Λ(x1, x2, . . . , xm, u).
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The theorem asserts that in order to show that Q is ﬁnitely based, it is
necessary and suﬃcient to ﬁnd a ﬁnite set of equations Λ(x1, x2, . . . , xm, u)
and a ﬁnitely based quasivariety Q′ ⊇ Q such that both Q and Q′ have
m-EDTPM with respect to Λ.
Some consequences of the theorem will be presented in another paper.
Proof. (1) ⇒ (2): Assume (1). In view of Theorem 3.8, Q has m-EDTPM
with respect to the trivial set of equations,
Λ(x1, x2, . . . , xm) := {x1 ≈ x1, x2 ≈ x2, . . . , xm ≈ xm}.
It suﬃces to take Q′ := Q.
(2) ⇒ (1): Suppose Q′ and Λ(x1, x2, . . . , xm, u) satisfy (2). We deﬁne
Q′Λ := {A ∈ Q′ : A universally satisﬁes Λ(x1, x2, . . . , xm, u)}.
The quasivariety Q′Λ is a relative subvariety of Q′. If Σ is a ﬁnite base for
Q′ (such a base exists because Q′ is ﬁnitely based), then Q′Λ = Mod(Σ ∪Λ).
It follows that Q′Λ is also ﬁnitely based.
As Q′Λ ⊆ Q′ is a relative subvariety, the lattice of Q′Λ-congruences is
identical with the lattice of Q′-congruences for any algebra A ∈ Q′Λ. This
implies, by Proposition 3.9.(1), that Q′Λ has m-EDTPM with respect to Λ
as well. But in view of Theorem 3.7, as Q′Λ satisﬁes Λ, Q′Λ is a ﬁnitely
generated quasivariety (generated by a family of algebras, each algebra of
cardinality  m− 1).
On the other hand, the fact thatQ is generated by a ﬁnite family of algebras,
each of cardinality  m − 1, the fact that Q has m-EDTPM with respect to
Λ(x1, x2, . . . , xm, u), and Theorem 3.7 imply that Q satisﬁes the equations of
Λ(x1, x2, . . . , xm, u). As Q ⊆ Q′, it follows that Q ⊆ Q′Λ. Thus, Q is included
in the ﬁnitely generated and ﬁnitely based quasivariety Q′Λ.
We now apply Theorem 5 of [6].
Suppose K is a quasivariety of ﬁnite signature satisfying the Weak Extension
Property. If K is included in a ﬁnitely generated quasivariety L, then K is
ﬁnitely axiomatizable relative to L.
As Q is a quasivariety of ﬁnite signature with the Weak Extension Property
included in the ﬁnitely generated quasivariety Q′Λ, Theorem 5 implies that Q
is ﬁnitely axiomatizable relative to Q′Λ. As Q′Λ itself is ﬁnitely axiomatizable,
it follows that Q is ﬁnitely axiomatizable.
This concludes the proof of the theorem. 
Let m be a positive integer. A quasivariety Q is residually < m if for every
algebra A ∈ Q and each pair of distinct elements a and b in A there is an
algebra B ∈ Q of cardinality less than m and a homomorphism h : A → B
such that h(a) = h(b). Q has a ﬁnite residual bound if there is m < ω such
that Q is residually < m (see [13]).
Note 4.2. In light of the above deﬁnition and Theorem 2.5, for any m  3
and any quasivariety Q of ﬁnite type, the following conditions are equivalent:
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(1) Q is residually < m.
(2) All algebras in QRFSI have cardinality less than m.
(3) Q = SP(K) for a ﬁnite class K of algebras where the algebras in K have
size < m.
(4) For any algebra A ∈ Q and any sequence a1, . . . , am of elements of A of




Q(ai, aj) = 0A.
(It is clear that (2) implies (3). Assuming (3), we get that QRFSI ⊆ S(K)
(see the proof of Proposition 3.10). Hence, (2) follows.)
Varieties with m-EDTPM. A variety V is ﬁnitely generated if it is of the
form HSP(K) for some ﬁnite set K of ﬁnite algebras (or, equivalently, V =
HSP(A) for some ﬁnite algebra A).
The next observation shows that ﬁnitely generated varieties with m-EDTPM
are always ﬁnitely generated as quasivarieties. This phenomenon has been
well recognized for ﬁnitely generated CD varieties, where it is a consequence
of Jo´nsson’s Lemma.
Theorem 4.3. Let m  3 be a positive integer. Let K be a ﬁnite set of ﬁnite
algebras of ﬁnite type such that all algebras in K are of size at most m − 1.
The following conditions are equivalent:
(1) The variety HSP(K) has m-EDTPM.
(2) HSP(K) has m-EDTPM with respect to the trivial set of equations,
Λm(x1, x2, . . . , xm) = {x1 ≈ x1, x2 ≈ x2, . . . , xm ≈ xm}.
(3) HSP(K) is residually < m.
The proof of the theorem is based on the following lemma (cf. implication
(1) ⇒ (2) of Theorem 2.5):
Lemma 4.4. Let K be a ﬁnite set of ﬁnite algebras such that all algebras in
K are of cardinality at most m − 1, where m  3. Suppose that the variety
HSP(K) has m-EDTPM. Then for any A ∈ HSP(K), and any sequence
a1, . . . , am of elements of A of length m,⋂
1i<jm
ΘA(ai, aj) = 0A.
Proof of the lemma. Suppose A ∈ HSP(K) and let a1, . . . , am be a sequence
of elements of A. A is of the form C/Φ, where C ∈ SP(K). Without loss
of generality, we may assume that C ⊆ Πt∈TAt, where At ∈ K, and hence
|At|  m − 1 for all t ∈ T . Let Φt be the restriction of ker(πt) to C, for all
t ∈ T . Then |C/Φt|  m − 1 for all t ∈ T , and
⋂
t∈T Φt = 0C . There exists
c1, . . . , cm ∈ C such that ai = ci/Φ for i = 1, 2, . . . ,m. For each t ∈ T , there
exist i and j with i < j such that 〈ci, cj〉 ∈ Φt because Φt has index at most
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Let h : C → A be the canonical homomorphism. The above equality, m-
EDTPM, and ker(h) = Φ give that










(Φ + ΘA(ci, cj)) = Φ +
⋂
1i<jm
ΘA(ci, cj) = Φ.








Proof of Theorem 4.3. (2) ⇒ (1): This is trivial.
(1) ⇒ (3): We assume (1). Applying the above lemma and Note 4.2, we
get that HSP(K) is residually < m.
(3) ⇒ (2): We assume (3). According to Note 4.2, there exists a ﬁnite set
K′ ⊆ HSP(K), with all algebras in K′ of size  m− 1, such that HSP(K) =
SP(K′). Theorem 3.8 implies that HSP(K) has m-EDTPM with respect to
the trivial set of equations Λ(x1, x2, . . . , xm). So (2) holds.
This concludes the proof of the theorem. 
As Keith Kearnes pointed out, m-EDTPM is not a Mal’cev property for any
m  3. Indeed, the variety of sets has 3-EDTPM, so if the class of 3-EDTPM
varieties were deﬁnable by a Mal’cev condition, then every variety would have
3-EDTPM.
Every RCD quasivariety has m-EDTPM, for all m  3. This fact does not
extend to (non-ﬁnitely generated) RCM quasivarieties.
Let m  3 be a positive integer. Let A be a ﬁnite algebra of cardinality
at most m− 1 such that the variety HSP(A) is congruence-modular and not
residually ﬁnite. (A may be any ﬁnite group which possesses a nonabelian
Sylow subgroup—see e.g., [7, Section 5]). HSP(A) is generated as a quasiva-
riety by no ﬁnite set of ﬁnite algebras (because otherwise the class HSP(A)FSI
would consist of ﬁnitely many ﬁnite algebras and HSP(A) would be residu-
ally ﬁnite). As HSP(A) is not residually < m, it fails to have m-EDTPM by
Theorem 4.3.
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